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Stochastic Differential Equations for Power Law Behaviors

Bo Jiang  Roger Brockett

Abstract— We present in this paper some simple stochastic
differential equations that leads to lower-tail and/or upper
tail power law behaviors. We also present a model with bi-
directional Poisson counters that exhibits power law behavior
near a critical point, which might be of interest to statistical
physics.

I. INTRODUCTION

As has been observed many times in recent years, empir-
ical studies dealing with a variety of subject matter produce
data showing power law histograms extending over several
decades or more. The diversity of application areas, and
the extent of the data have inspired researchers to look for
general principles that would make it possible to trace the
individual phenomena back to one or more common features.
Among recent work along these lines we call attention to [?],
[?1, [?], [?]. In this paper we pursue the idea that certain
simple forms of first order stochastic differential equations
have steady state densities which show lower tail and/or
upper tail power law behaviors, depending on the values of
the parameters. To the extent that the form and parameters
of a differential equation are often more readily identified in
the modeling process, the differential equations we describe
may be thought of as providing a more direct explanation of
power law behavior.

In their interesting paper [?], Reed and Hughes consider
the probability density of the value of a growing exponential
sampled at an exponentially distributed random time. As they
observe, this is easily seen to give a power law distribu-
tion. Here we consider a different situation involving the
steady state density associated with a stochastic differential
equation. The equation describes a situation in which the
quantity of interest decays to zero following an exponential,
X = —aX, but is incremented by a fixed amount o at
random times, the times having an exponential distribution.
We show that for a range of parameter values the steady state
distribution of X exhibits a power law lower tail. The fact
that we deal with the steady state property of an ongoing
dynamics gives our work a different set of possibilities for
interpretation. The basic reason as to why the distribution of
values in steady state has the same form as the distribution
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of values obtained by sampling at a random time, lies in
the form of the drift term associated with the differential
equation.

When considering lower tail behavior, we find it useful to
distinguish between what might be called “two sided” lower
tails and “one sided” lower tails. The latter may occur when
dealing with an intrinsically nonnegative quantity, such as
queue length whereas the former might apply in a situation in
which the histogram extends in both directions from a critical
value, as might be the situation for some types of populations
near a phase transition. Our models for one sided lower tail
behavior focuses on the steady state behavior associated with
stochastic differential equations containing a Poisson counter
N and taking the form

dX = f(X)dt + g(X)dN.

For two sided lower tails we consider slightly more compli-
cated models of the form

dX = f(X)dt + g1 (X)dN1 — g2(X)dN>.

We also study the more popular case of upper tail power
law. A simple transformation is shown to convert one sided
lower tail power laws into upper tail power laws. In view
of dynamic systems, evolutions of this type can also give
generative interpretations of many power law upper tails
observed in real data.

In Section ?? we first present our motivating example
of a simple Poisson counter driven SDE, the steady-state
distribution of which was shown by Brockett [?] to exhibit
power law behavior near the origin. We then introduce a
simple transformation to develop a similar SDE that leads to
an upper tail power law. We observe that various distributions
can be generated via simple modifications of the ‘“drift
term” in the SDE. In Section ??, we add a Brownian
motion term to obtain a similar result as Reed [?]. All of
these cases demonstrate that “random multiplication with
exponential stopping time will lead to power law behaviors”.
In Section ?? we develop an SDE driven by Poisson counters
in both positive and negative directions. We show that the
steady-state distribution can exhibit power law behavior near
a critical point. This may have implications in statistical
physics since a discontinuity occurs in a surprising way.
Section ?? concludes the paper.

II. SDE DRIVEN BY A POISSON COUNTER
The following SDE was considered by Brockett [?],

dX; = —aX,dt + odN,, (1)



where o,0 > 0 and N is a Poisson process of intensity
A. By Theorem 6.2 in [?], there is a unique adapted RCLL
process {X;} satisfying (??) and

sup E[X?] < oo )
te[0,T]
for any T' € [0,00). Similar arguments for the existence
of solutions apply to all the other SDE’s considered in this
paper and will not be repeated.
Now let 9y (z) = e*** k € R. By It6’s formula,

dipy (X)) = — iakXyhr (Xe)dt
+ [P (Xi— + 0) — ¥ (Xe—) N
O (Xy)

= — ak——=-"2dt + (e —

Taking expectation,

Dbk, 1) = —ak o @x (kDA 1) Bx (1), )
where ®x (k,t) = E[t)x(X:)] is the characteristic function
of X, and the change of the order of differentiation and ex-
pectation can be justified by (??) and Lebesgue’s Dominated
Convergence Theorem. Equation (??) can be solved by the
method of characteristics (see e.g. [?]) to yield

t
Ox(k,t) = Px(ke™ ™, 0)exp {)\/ {eik”ea(kﬂ - 1} ds} .
0

“4)

After a change of variable u = o exp(a(s—t)), (??) becomes

o iku 1
Ox(k,t) = Px(ke™ ", 0)exp {)\/ edu} ,

« e—at u
®)

yielding

A o iku_l
@X(k,oo)exp{/ edu}.
o Jo U

This result can also be obtained as a consequence of Theorem
2 of [?]. By Lemma 53.2 of [?], the steady-state distri-
bution is absolutely continuous with continuous density on
(0, 00). Moreover, the density is continuously differentiable
n (0,00) if A > a.
Note that ® x (k, 00) satisfies the following equation, ob-
tained from (??) by setting the right-hand side to zero,

d iko
fak@q)(k) + A(e

Thus the corresponding density fx (z) satisfies

1)®(k) = 0.

oL f @) A —0) M @) =0 ©

It was shown in [?] that fx (z) = 0 for z < 0. We can arrive
at the same conclusion in a more intuitive way by examining
(??). Indeed, note that, in spite of its initial value, X will
eventually become positive and remain so from that point
on. Now using fx(x) = 0 for z < 0, (??) can be solved
recursively to give

fx(x) = Cza!, ze (0, 0],

and, for x € (no,no + o], n > 1,

Fle) = fxlno) (22) 77 2t

a
where the constant C' is determined by the normalization
condition

-1 / u_gfx(u—a)du,
T

g

/Z fx(z)dz = 1.

Note that fx (z) has a power law at its lower tail.
We briefly mention that (??) can have the following
generalization,

dX, = AX,dt + bdN,,

where X is an R™-valued process, A an n X n stable matrix
and b € R™. Then the steady-state distribution has the
following characteristic function

Dx (k,00) = exp {)\/Ooo [exp (ikTeASb) - 1] ds} ,

where k € R™, and the projection of X onto a left
eigenvector of A exhibits power law near the origin.

Now we introduce the simple transformation Y; = X, !
to convert the lower tail power law into an upper tail power
law. For y > ¢ £ 571 the steady-state density of Y is

Fry) = fxy Yy 2=Cy= a1 yele 00).

Using Itd’s formula, we can get the equation governing the
evolution of Y;,

Y2
dY; = aY,dt — dNg, 7
€+

Yi_ .
£t which

Note that at each jumping point, ¥ drops to 35—

depends on Y;_.

We can modify the coefficient in front of dN; in (2?)
so that it always restores the process to a fixed point. The
equation then becomes

dZt = Oétht + (ZO — Zt_)dNt, (8)
with the corresponding equation for the characteristic func-
tion ® 4 (k,t) of Z; being

9]

_ a ’ik‘Zo
a0z (k, 1) = ak o @z (k1) = Mz (k,1) + A0, (9)

Equation (??) can be solved again by the method of charac-
teristics, yielding

Dy (k,t) =MD, (ke 0)
t
+ )\/ exp {)\(s —t)+ izokea(t_s)} ds.
0
(10)
After a change of variable z = zoe“(t_“"), (??) becomes
N et s\ Tal
Dy (k,t) = 67>‘t<I)Z(keo‘t,0)+—/ (> e*2dz,
azo 20 20

from which we can read off the distribution function,

Fz(z,t) = e MFz(ze7,0) + (1 — e *)G(2, 1),



where G(z,t) is a truncated Pareto distribution,

0, z < Zp,

Glz,t) =4 = {1— (%)

1, 2 > zpe™

}, 20 < z < zpe®

As t — oo, the distribution F(z,t) approaches a Pareto
distribution

A
a

deaﬂzl—(;)_,

A closely related model of deterministic exponential
growth with exponential stopping time was analyzed in [?].
We note by passing that the proportional growth is critical
in generating power law. Had the growth term in (2?)
been aZldt for some § € [0,1), the resulting distribution
would have been a left truncated Weibull distribution with
distribution function

22> 2.

Fy(z,00) = loxp{

III. SDE DRIVEN BY BOTH BROWNIAN MOTION AND
PoO1SSON COUNTER

In this section, we add a Brownian motion component to
(??), which becomes

dXt = MXtdt + O'Xtth + (.’170 — th)dNt, (11)

where p,xg € R, 0 > 0, W is a standard Brownian motion
and N is a Poisson process with density )\, independent of
W . This is a geometric Brownian motion with Poisson jumps
which always reset the motion to a fixed state zy. A similar
model was analyzed in Reed [?].

Let Y; = log X; and yy = log x¢. Then It&’s formula gives

1
d}/f = <’U, — 20'2> dt + O'th + (yo - }/t—)dNt;

which is a Brownian motion randomly reset to 3o by Poisson
jumps. Let ¥ (y) = ¢*¥ as in the previous section. By Itd’s
formula,

diy(Yz) = ik (Y7) [(u - 302) dt + ath}

— m%%k( )dt + (R0 — ahy (Y, ))d ;.

Taking expectations, we get

8 1 2 1 21.2
50w (k) = [ (ua >k20 k )\] Dy (k, 1)

+ Aethvo,

where ®y (k,t) is the characteristic function of Y;. The
solution is

q)y(k, t) = (I)y(k7 OO)
+ e M[®y (K, 0) —

m(zlﬂs - Zé(s)} , %> 2.

fI)y(k,oo)] (,utffo k—1c tk27

where
—\etkyo
i(p— 302k — 302k2 — X’
Now we can find the steady-state density of Y; as ¢ — oo
by taking the inverse Fourier transform of ®y (k, c0),

B eBy=yo),
fr(y) = O‘D?;aﬁ _
ath

(I)y(k’, OO) =

Y < Yo,
efo‘(y yo)’ Y Z Yo,

where a > 0 and —f < 0 are the two roots of the following
quadratic equation,

5 (12)

Going back to X, we get the steady-state density of X as
t— o0

fx(x) =

1 1
—0%y? 4 (u— 202> y—=A=0.

fy (logz)z™!

—1 af A-1
Ty oz+[3(z) € (0,2,

1 aB —a—1
Zg (H_ﬁ(z) , & € [x0,00).

which is the double Pareto distribution of Reed [?].
Motivated by the connection between (??) and (??), we
also consider the following SDE
2

Zt_

dZt = Mtht + O'thWt dNt, (14)

with Zo > 0. Let U; =
dU; = —(p — o®)Updt — cUdW; +

Z; . Then, by It&’s formula,
LdN,.

By the same procedure as before, we get the equation for
the characteristic function ®y (k,t) of U,

oy (1) = (u
1

02
+5 2]?2%(1)U(k t)+ D@y (k,t),

which is the Fourier transform with respect to the variable
y of the following Fokker-Planck equation for the density
f Y (ya t) of }/t’

- aQ)kaQ(DU(k £)

( ik/e

2
(= o) gy (0] + 50° 5 07 F 02)
FAyly—e ) - )\fY(y, t).

In steady state, the density fy (y) satisfies

0
afY(yat) =

2
57 3 P 1 )

(h— OQ)diy[yfy(y)] +

FAfy(y—e7h) =AMy (y) =
For y € (0,e71], this reduces to
d 1, d
(1= o) g [y W) + 50° {32 F ()] = Ay () =
15)
The general solution to (??) is given by
fr(y) =Cy*t+ Dy 771, ye (0.7,



where « and § are as in (??). The integrability of fy (y)
requires that D = 0, so

fry)=Cy*~ ', ye (0,7
Therefore,
fx(@) = fy(z™ha™ = Ca™o7,

which has the same upper tail power law exponent as in (??).
This is intuitive since the difference of the two models lies
in the range of small x. In fact, both (??) and (??) have the
same general form

de/ = /,Ldet + O'Xtdm;/t + [(J(Xf,) — Xt,}dNt,

x € [g,0),

(16)

where 0 < g(-) < B is bounded. The density of X, satisfies
the same Fokker-Planck equation for z € (B, 00),

o 0 1,
afx = *%(W/fx)ﬂL 5@(0 o fx) — Afx.

Therefore, the upper tail of the steady state density has the
same functional form, independent of g(-). By taking the
limit 0 — 0, we observe that the remark here also applies
to (2?) and (??).

We note also the possibility of extending (??) to the
multivariate case,

dX; = p Xidt+0, Xod Wi+ [gi;(X2) = X;_]dN;, (17)
J

where we have omitted the subscript ¢. As in (??), each

X; has a power law upper tail. Thus (??) generates a set

of correlated random variables with power law marginal

distributions.

IV. SDE DRIVEN BY BI-DIRECTIONAL POISSON
COUNTERS

In this section, we consider the following SDE driven by
bi-directional Poisson counters,

dXt = Oz(‘LL — Xt)dt + JldPt — UQdNt,

where © € R, a,01,02 > 0, and P, N are two independent
Poisson processes with intensities A;, Ao, respectively. By a
simple shift of the origin, we may assume without loss of
generality that ¢ = 0 and the equation then becomes

dXt = —OéXtdt + UldPt — O'QdNt. (18)

The characteristic function @ x (k, t) satisfies the following
equation,

gq)x(k,t) = — Ozkgéx(kﬂf)

ot ok |
+ M7 —1) 4+ Aa (e 72 —1)] Dx (K, 1),
(19)
the solution to which is
Dy (k,t)
A fﬂl &du—ﬁ f_‘72"‘7at eik“'fldu
a Jgje—at u a J—og )

=0y (ke™*,0)e
Therefore,

A ro1 ctku _q X2 [0 ctku _q
—eo Jot s du—2 [0 du

@X(k, OO)

This result can also be obtained using Theorem 17.5 of [?].
Lemma 2 of [?] shows that ®x (k,00) is the characteristic
function belonging to an absolutely continuous distribution
and the density is continuous if and only if A\; + Ao > a. If
A1 = A2 = X and 01 = 03 = 0, the steady-state distribution
will be symmetric around the origin. If, in addition, 0 =
JO)\’%, then as A — oo, (??) converges to the Ornstein-
Uhlenbeck process and

02
Oy (k,00) — exp{—Q(O)[kQ},

i.e. the characteristic function of the normal distribution
N(0,22), as expected.

Setting the right-hand side of (??) to zero, we get the
differential equation satisfied by @ x (k, 00),

d _ ik:o'l
akqu)x(k',t) = [Mi(e

Thus the steady-state density satisfies the following equation,

— 1) + /\2(67ik02 — ].)] (I)X(k,t).

04%[xf(x)]'i')\lf(ﬂ?—tfl)—(/\1+)\2)f(95)+)\2f(93+02) =0.
(20)
Figure ?? shows some steady-state densities for (??)
obtained from simulation, where we have set 07 = 05 = 1
and A\; = \s. Note that as % becomes larger, the density
becomes smoother, consistent with Lemma 2 of [?]. As
% becomes smaller, the density becomes more sharply
concentrated around zero. In the case A\ +\y < «, f(x—07)
and f(x 4 o9) are negligible compared to f(x) for small
x and hence (??) can be approximated by the following
equation,

d
ag [ef(@)] = (A +A2)f(z) = 0.
x
which can then be solved to give

SRR

f(@) = Cla| =777,

0< |zl < 1.

Figure ?? plots the steady-state densities in log-log scale
with the reference lines of slope % — 1 superimposed.
The approximation is very good near the origin.

This approximation can be made more rigorous using
Theorem 53.8 of [?]. We will present a simplified and more
straightforward analysis of the behavior of the density near
the origin when A\; + Ay < a. Let

by o1 giku _
oo {22 [
« Jo u

1du}

A 0 ik:u_l
@Q(k):exp{—;/ A " dU},

—02

and

which are the characteristic functions of two absolutely
continuous distributions. Denote their densities by g(x) and
h(z), respectively. Then [?] shows that g(x) has support
on [0,00) and g(z) = Cad=1 for z € (0,01]. Similarly,
h(z) has support on (—co,0] and h(z) = Dlz|%~! for
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Fig. 1. Steady-state densities of X in (2?); 01 =02 =1, A1 = Xa.
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Fig. 2. Log-log plot of steady-state densities of X in (??); 01 = o2 = 1, A1 = A2. The reference straight lines have a slop of % —1.

x € [—02,0). Since ®x(k,00) = ®1(k)P2(k), the density  f(x) corresponding to @ x (k, c0) is given by

f = | " gwh(z - y)dy.

— 00



Let m = min{oy,02} and € € (0,m). For 0 < x < m — ¢,
we have

@) = | g — y)dy

m )\1 B A727 oo
/ Cy=s 'D(y—=z)=~ 'dy +/ g(y)h(z — y)dy

m
m

ESE=C NPT A S Ag
=CDzx™ = 1/ ue Hu—1)= "tdu
1

+ /Oo 9(y)h(z — y)dy

m

A1+A2
=1

= All‘ +A27

where A; = CDfl% wE My — 1)% 1y and A, =
[ g(y)h(z—y)dy. It is shown in [?] that g(x) is continuous
on R\ {0} and ¢’(z) < 0, so it is uniformly bounded on
[m, 00) and hence

Ay < sup g(y)/ h(z —y)dy < sup g(y) < oco.
y>m m y=>m
If A1 + A2 < @, then

m
m—e Ay

1 22
A, >CD ue (u—1)=""du>0
1

and
A < CD/ u%_l(u = 1)%2_1du < 00.
1

A similar analysis applies for the case x € (—m + ¢,0).
Therefore,

f(x) =0 <|x\ Ali&—l) , asx — 0.
If M\ + X =q,

= A Ao
Ay :C’D/ ue Hu—1)= "du
1

> C’D/m u%_ u%z_ldu: C’Dlogm7
1 X

and for z <

m
2 9
m

Ay = C’D/w u%fl(u— 1)%271du
1

’ 2.3 EESERZTAN
<op [(w-nFanren [T (37
1 2
— DX 4 CD2F log .
A2 2z
A similar analysis applies for o < 0. Therefore,
f(z) = ©(=log|z]), asz—0.

V. CONCLUSIONS

We presented some simple stochastic differential equations
that lead to lower tail and/or upper tail power law behaviors.
Some of the results are known but the derivations are
different. We also presented a model with two opposite
Poisson counters and an exponential decaying term. This
model exhibits power law behavior near a critical point,
which might be of interest to statistical physics.



